SADLER MATHEMATICS METHODS
UNIT 1

WORKED SOLUTIONS

Chapter 7 Polynomials and other functions

Exercise 7A

Question 1
a y=0°+0"+0+1=1 0,1

b y =3(0)* —5(0)? - 2(0) -5 = -5 (0, -5)

c y=0°+8=8 (0, 8)
d y=2(0)%+3(0)°+6=6 (0, 6)
e y=2+3(0)+7(0°-0°=2 0, 2)
f y=5(0)+3+2(0)*=3 (0, 3)
Question 2

a  y=(x-2)(x-3)(x—4)
x—2=0 or x-3=0 or x-4=0
X=2 x=3 x=4
x-intercepts (2,0),(3,0),(4,0)

b y=(X+7)(X+1)(x-5)
X+7=0 or x+1=0 or x-5=0
X=—7 x=-1 Xx=5
.. X-intercepts (-7,0),(-1,0),(5,0)
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y =(2x-5)(x+1)(5x—3)
2X-5=0 or Xx+1=0 wor 5x-3=0
2

o1l w

.. X-intercepts (%,O), (-1, O),(%,O)

0=(1-x)Q+x)(x=7)

1-x=0 or 1+x=0 or x-7=0
x=1 Xx=-1 X="7
.. X-intercepts (1,0),(-1,0),(7,0)

0=x(4x-1)(2x-7)
Xx=0 or 4x-1=0 or 2x-7=0

x:i Xx=35
4

.. X-intercepts (0,0), (%, 0),(3.5,0)

0=(x+1)?*(x-5)

X+1=0 or x-5=0
x=-1 X=5

.. X-intercepts (-1,0),(5,0)

0=x>-9x
= x(x*-9)
Xx=0 or x*-9=0
X=%3
.. X-intercepts (-3,0),(0,0),(3,0)

y =X+ 2x* —15x
= X(x* +2x-15)
=X(x+5)(x-3)
~Xx=0 or x+5=0 or x-3=0
X=-5 X=3
.. X-intercepts (-5,0),(0,0),(3,0)
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Question 3

£ Edit Zoom Analysis e (]
va | Mk | B | | D | B | R v

Faire
[2—3+x7]

w1=2-x"3—2x

-3 2 -1 (21994,0) &

Root

he=2. 199b718 ves0
E1E
Rad  Real Tom
Question 4
a 2><(—3)><(—k) =-36
6k =-36
k=-6

b 0=(x+2)(x—3)(x+6)
X+2=0 or x-3=0 or x+6=0
X=-2 X=3 X=-6
.. X-intercepts (-6,0),(-2,0),(3,0)
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Question 5

f(X)=x*-6x*—x+6

a f(-1)=(-1)°-6(-1)°-(-1)+6
=0

b f(1)=1-6(1)°-1+6
=0

c f(2)=2°-6(2)*-2+6
=-12

d f(6)=6>—-6(6)>—6+6
=0

e f(x)=x*-6x>—x+6
=(X+1)(x-1)(x—6)

Question 6

a f (1) =1° -10(1)% + 31(1) - 30
=-8

b f(2)=2°-10(2)* +31(2)-30
=0

c f(3) =3*-10(3)* +31(3)-30

=0

f(x)=x*-10x*+31x-30
=(X—-2)(x—=3)(x+k)
(=2)(-3)(k) =-30
k=-5
f (x) = x* —10x* +31x-30
=(x-2)(x-3)(x-5)
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Question 7

a 3x® —14x* —7x+10 = (3x — 2)(ax’ + bx +¢)
3x(ax’)=3x*..a=1
(-2)xc=10..c=-5

b (3x—2)(x* +bx —5) =3x> +3bx* —15x — 2x* — 2bx +10
3ox* —2x* = —14x*

3b-2=-14
30 =-12
b=-4

c y=3x*-14x* -7x+10
= (3x—2)(x* —4x-5)
=(3x-2)(x-5)(x+1)

x-int, y=0
0=(B3x-2)(x-5)(x+1)
3x-2=0 or x-5=0 or x+1=0

3

.. X-intercepts (-1, 0),(%,0), (5,0)
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Question 8

a x-int: (=2,0)(2,0)(5,0)
y-int: 2x(-2)x(-5) =20 (0,20)
X —> 00, Y —> 0
X — -0, Yy — —0

b x-int: (-4,0)(-1,0)(5,0)
y-int: 4x1x(-5)=-20 (0,-20)
X —> 00, Yy — 0
X—>—00, Yy — —00

C x-int: (-4,0)(-1,0)(5,0)
y-int: 2x4x1x(-5)=-40 (0,40)
X—>00, Yy —> o0

X—>—00, Yy — —©

d x-int: (0,0)(3,0)(7,0)
y-int: 0x3x(=7)=0 (0,0)
X — oo, y = (large +ve) x(large -ve) x (large +ve)
= very large negative

e x-int: (1,0)(3,0)
y-int: (-1)(-3)(-3)=-9 (0,-9)
X —> 00, Y —> 0
X — —0, Yy — —0

f x-int: (2,0)
y-int: (0,8)
X—> 0w, y—>oo
X—>—00, Yy — —0
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Exercise 7B

Question 1

B: translated right by 3 units .. y =./(x—3)
C: translated 4 unitsup ..y = Jx +4
D: translated 3 units left, 5 units down ..y =./(x+3) -5

Question 2
a y :1+1
X
b y:£+2
c y=—-1
Question 3
. 1
a Translated 1 unit left : ——
X+1
N 1
b Translated 3 units right : ——
X—3
o 1
c Translated 1 unit right : —
X—-1
Question 4

The graph of y = x> +1 is that of y = x° translated up 1 unit.
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Question 5

The graph of y = Ll is that of y = 1 translated 1 unit to the right.
X — X

Question 6

The graph of y = 2/x is that of y= Jx dilated parallel to the y-axis, scale factor 2.

Question 7

The graph of y = (x—3)? is that of y = (x + 4)*translated 7 units right.

Question 8

The graph of y =+/x—2+1is that of y = JX translated 2 units right and 1 unit up.

Question 9

The graph of y = il is that of y :1 translated 1 unit to the right
X— X

and dilated parallel to the y-axis, scale factor 3.

Question 10
a B, F
b D

c C,E,GH
d H

e C—oE G—->H

f A—>C E—->GH->I
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Question 11

A(0,10), B(-0.51,0), C(3.08,0), D(6.42,0), E(L,17), F(5, —15), G(3,1)

Question 12
a p=20 ,,_ 40
P
v _ 400
40
=10

When P = 40, V =10.

400

P

400

S 20

=20

When P = 20, V = 20.

b \Y

\

C Volume cannot be negative. With a non-zero mass there must be some volume.
Thus V > 0 would be a suitable domain for V.

Question 13
Graphs in the top row
The left graph is a cubic which has been translated vertically = y=x>+8.

A is the y-intercept,x =0
y=0°+8=8
A (0,8)

B is the x-intercept,y =0

0=x+8
x*=-8
X=-2
B (-2,0)
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Centre graph is a quadratic translated 2 units right and 3 unitup = y = (x—2)*+3.

Matching equation isy = (x—d)® +e, givingd =2,e =3.
Cisy-intercept,x=0

y=(0-2)*+3=7

C (0,7)

Right graphisy = Jx translated left 4 units = y=+X+4.

Matching equationis y=+x+a=a=4.

D is the y-intercept,x =0

y=0+4=2

D (0,2)

Graphs in the middle row

Left graph shows a reciprocal graph translated right 1 unitand up = y = Ll-i- g.
X —

Using (0, 2), 2:ﬁ+g =g=3

1
=——+3
y x-1
E is the x -intercept, y =0
1

0=——-++3
X—=1

14
x-1
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Centre graph is a cubic which has been translated up and to the left = y = (x+?)* +?.
Matching equation is y = (x+1)°®+8

F is the x -intercept, y =0
0=(x+1)°+8
(x+1)°=-8
X+1=-2
X=-3
F (-3,0)

G is the y-intercept,x=0
y=(0+1°+8

=9
G (0,9)

Right graph is a quadratic which has been translated vertically in a positive direction = y=x*+4.

Matching equation is y = x* +4

H is the y-intercept, H(0, 4)

Graphs in the bottom row

Left graph is a quadratic which has been translate 4 units to the right = y = (x—4)?.

The y-intercept of y = (x—4)® should be (0, 16) but the graph shows (0,8).

Our equation is then y = %(x— 4)?,

Matching equation y =b(x—c)* which means b = %,c =4
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Centre graph is a linear graph = y =hx+i.

Using the intercepts given on the graph:

(0,3)
3=h(0)+i
i=3
(6,0)
0=6h+3
6h=-3

h=-2

Right graph is a reciprocal relationship which has been translated down = y = K—c .
X

The only remaining equation is y = §—2.
X

I is the x-intercept,y =0
8

0=—-2
X

8.
X

X=4
I (4,0)
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Exercise 7C

Question 1
a Reflect f(x) in x-axis.
b Dilate by a factor of % horizontally (compressed).
c Dilate by a factor of 4 parellel to y-axis.
Question 2
a y = —x*=3x=—(x*+3x)
Reflect y = x* +3x in x-axis.
b Translate y = x* +3x 5 units down vertically.
c y = x> +3X
R eplace x with %x
1 ., 1
=(=x)"+3(=x
y=( 5 )" +3( 5 )
4 2
.. Dilate parallel to x-axis, factor of 2.
Question 3
a Translate y = x* right 3 units.
b Dilation parallel to y-axis, scale factor of 3.
C y=9x* .. Dilation parallel to y-axis, scale factor of 9.
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Question 4

a

Translate f (x) 2 units right. 1
3

Translate f (x) 2 units up.

432 | 123 an
2
3
4
Dilation parallel to y-axis, scale factor of 2. i
3]
2
4 3 3 _‘14_ 1 2 4
2
-3
4]
_— . 1
Dilation parallel to x-axis, scale factor of >
Y
4
3]
2

L II\I‘
4—3—2—171234"
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e Reflect in x-axis. J
3
A
4 3 5 ,'_1_ 1 2 3\‘4x
2
3
4_
Y
i Reflect in y-axis. j
N
4 A2 12 3 4R
N
4
Question 5
a f(0)=1
b f(1)=15
c f(2)=2
d f(-3)=3
e f (x+1) is f (x) translated 1 unit left. -
™ +
N 3
A
s 432 ] 71 3 4%
L]
4
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y = f(—x) isy = f(x) reflected in the y-axis.

y = f(2x) isy = f(x) dilated parallel to x-axis, scale factor of %

y = f(0.5x) isy = f(x) dilated parallel to x-axis, scale factor of 2.

y=0.5f(x) isy = f(x) dilated parallel to the y-axis, scale factor of %
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f(1) = 1.5 from part b.

f(2) = 2 from part c.

By inspecting the graph of f(2x), you can see f(2 x 1), (the value of y when x = 1) is also 2.

Question 6

A

No horizontal shift or scaling.

Vertically % the size.
y:%f(x) — 1l

No vertical dilation or horizontal dilation.
Translated 2 units right.
ny=f(x-2)> X

No vertical or horizontal dilation.
No horizontal translation.
Vertical translation 2 units down.
ny=1f(x)-2->1X

No vertical dilation.
Horizontal dilation, scale factor of %
~y=1(2x) > VI

No vertical or horizontal dilation.
Reflection in x-axis.
ny=—f(x)>1

Reflected in y-axis.
No dilation or translation.
ny=f(=x)->1l
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Question 7

a f(x=3) is f (x) translated 3 units right.
.. X-intercepts at (1,0), (7,0), (10,0)

b f (2x) is f (x) dilated parallel to the x-axis, scale factor of %

.. X-intercepts at (—1,0), (2,0), (3%,0)

C y=—f(x) isy = f(x) reflected in x-axis.
.. X-intercepts at (—2,0), (4,0), (7,0)

d y = f(—=x) isy = f(x) reflected in y-axis.
.. X-intercepts at (2, 0), (—4,0), (-7,0)

e y=f(x)+3isy= f(x) translated 3 units up.
~.max t.p. at (2,8)

y=—"f(x) isy= f(x) reflected in x-axis.
~.max t.p. at (5,1)
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Exercise 7D

Question 1

A CD

Question 2

Circle Equation x* + y* =10°
Point A: (-6)*+a*=10°
a’ =64
a=8

Point B : (3)* +b® =107
b? =91
b=401

Point C : (0)* +¢? =107
c=-10

Point D : (d)* +5% =10°

d?>=75
d =—75
- 53

Question 3

a (x=2)*+(y+3)°=25
b (x=3)*+(y-2)*=49
c (x+10)*+(y—2)> =45

d (x+1)°+(y+1)*=36
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Question 4

a

(x—=3)*+(y-5)>=25
X* —6x+9+y*-10y+25=25
X* +y®-6x-10y =-9

(Xx+2)*+(y-1)°=7

X+ 4X+4+y* -2y +1=7
X2+ y?+4x-2y+5=7
X2+ y?+4x-2y=2

(x+3)°+(y+1)*=4

X2 +6X+9+y’ +2y+1=4

X +y>+6x+2y+10=4
X +y*+6x+2y=-6

(x=3)*+(y-8)* =(2J7)’
X* —6x+9+y>—16Yy +64 = 28
X*+y?—6x-16y+73=28
X* +y>—6x-16y =—-45

Question 5

a

x> +y* =25
(x—0)*+(y-0)*=25
centre (0,0)
radius /25 =5
25x° +25y* =9
9
X2+ yt=—
y 25
centre (0,0)

. / 9 3
radius ,|— =—
25 5
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(x=3)*+(y+4)*=25
centre (3,—4)
radius ~/25 =5

(x+7)*+(y-1? =100
centre (—7,1)
radius /100 =10

X*+y —6x+4y+4=0
(x=3)*-9+(y+2)°-4+4=0
(x=3)*+(y+2)*=9
centre (3,-2)
radius v/9 =3

X +y?+2x-6y=15
(x+1)*-1+(y—-3)*-9=15
(x+1)*+(y—-3)*-10=15
(x+1)*+(y—3)*=25
centre (-1, 3)
radius /25 =5

X +y*+2x =14y +50

24 y*+2x-14y-50=0
(x+1)2~1+(y—7)2—49-50=0
(x+1)2+(y—7)2~100=0
(x+1)*+(y-7)* =100

centre (-1, 7)

radius /100 =10

x? +10x+ y* =151+14y
x? +10x+ y* —14y-151=0
(X+5)*—25+(y—7)>-49-151=0
(X+5)*+(y-7)>-225=0
(x+5)°+(y—-7)>=225
centre (—5,7)
radius /225 =15
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X* +y? =20x+10y +19
x* —20x+y*-10y-19=0
(x—10)? 100+ (y —5)2—25-19 = 0
(x—10)*+(y—5)*-144=0
(x—10)* +(y —5)* =144
centre (10,5)
radius /144 =12

2x° —2x+2y*-10y =-5

X2 — X+ y2—5y:—2%

1, 1 1, .1 .1
X—=) ==+ (y—22)2—6==-2=
(-2 -+ (y-2) -6 =2
1, 1, .1 .1
X—=) +(y—2)2 —6==-2=

( 2) (y 2) 5 5

1, 1,,
X—=)"+(y-2-)"=4
( 2) (y 2)
1 .1
centre (=, 2—
(2 2)

radius \/4 = 2

Question 6

(x=3)*+(y—-7)*>=36 centre:(3,7)
(x—=2)>+(y—-9)>=49 centre: (2,9)
o d?=(3-2)2+(7-9)

=1+4

d=+5
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Question 7

(x=3)2+(y+4)?>=25 .. A3 -4
(x=2)°+(y-7°=9 .-B(@27)

7—(-4)
M. =
AB 2_3
__u
SLy=mx+c
m=-11, (x,y)=(2,7)
S 1=-11(2)+c
7=-22+cC
c=29
Sy =-11x+29
Question 8

(x+1)*+(y-7)>=36

Centre (-1, 7) is moved 4 right and 3 down.
New centre (—-1+4, 7-3)=(3, 4)

s (x=3)"+(y—4)> =36

Question 9

x> +y?—6x+10y+25=0
(x=3)? =9+ (y+5)°-25+25=0
(x=3)*+(y+5)°=9
Centre (3,-5) is moved 7 left and 2 up.
New centre (3—7,-5+2) =(-4,-3)
S (X+4)7+(y+3)2 =9
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Question 10

a y =+Jx
= +/x+2
y-2 +/x
(y-2)*=x
b y:i\/;
y=+(x+4)
Yy =x+4
c y =+/x
y =£/(X
l: '\'
(y—D2=x—2
y:J_r«/ -2
2: T A
(y+2) =(X—3)
Question 11
a A(3,11) B(12,-1)
B?=(12-3)* +(-1-11)°
AB =15
b Radius of circle centre A : 12

Distance between centres = sum of radii.
.. Circles are tangent to each other and have one point in common.
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Question 12

a C(2,3) D(-25)
CD? = (2—(~2))? + (3-5)?
CD =20 =25~ 4.47

b Radius of circle centre C : 3
D:1
Circle centres are further apart than sum of radii.
.. No points in common.

Question 13

(x—4)?+(y-2)°=25& y=x-3
Solve simultaneously on classpad or graph and find points of intersection.
(x—4)*+(x-3-2)*=25
x> —8x+16+ x> —10x+25=25
2x*-18x+16=0
2(x*-9x+8)=0
2(x-8)(x-1) =0
S Xx=1 or x=8
y=-2 y=5
.. coordinates (1, —2) and (8, 5)

Question 14

(X+5)*+(y-2)*=34 & 4y =x+30
Xx=4y-30
(4y—30+5)°+(y-2)* =34
16y*—200y + 625+ y* -4y +4 =34
17y*—204y +595=0
17(y*-12y+35) =0
17(y-7)(y-5)=0
Ly=5 or y=7
x=-10 X=-2
- coordinates (5,-10) and (7,-2)
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Question 15

(x=7)?+(y—4)"=40 & 3y =x+25
x=3y-25
(By—-25-7)*+(y—-4)*=40
9y?-192y +1024 + y* -8y +16 =40
10y® —200y +1040 = 40
10y® - 200y +1000 =0
10(y*-20y +100) =0
10(y —10)* =0
- y=10,x=5
As there is only one point of contact, (5, 10), the line 3y = x + 25 must be tangent to the circle.

Question 16

X*+2x+y?-10y+a=0
(x+1)*-1+(y-5)*-25+a=0
(x+1)*+(y-5)°-26+a=0
(x-1)*+(y-5)°=26-a
Radius v26—a > 0

S.a<26
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Miscellaneous exercise seven

Question 1
a y=a(x+3)(x—2)(x—4)
12=a(0+3)(0-2)(0—-4)
12 = 24a
1
a=—
2

. Equationy = %(x +3)(x=2)(x—4)

b y=a(x+2)*(x—4)
~32=2a(0+2)%(0—4)
-32=-16a

a=2
. Equation y = 2(x +2)*(x—4)

Question 2

y=x"-4x-6

L 4x\[16-41<(-6)

2x1

4440
2

4+ 210
2

24410

b X*—4x-6=0
(x-2)-4-6=0
(x—2)>-10=0
(x—2)*=10
x—2=+10
x=2++10
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Question 3

X* +6x+y*-10y =15
(x+3)2—9+(y—5)*—25=15
(x-3)*+(y-5)*-25=15
(x—3)*+(y-5)*=49

Centre (3, 5) and radius 7

Question 4

a f(4)=4
b g(4)=4%>=16

c h(4) =4° =64

d p=p*=p’
p =p’
p’-p =0
p (p-1)=0
p=0 or p=1
p3:p2
p3_p2:0
p’(p-1)=0

p=0 or p=1

All three functions have the same value when p=0,p=1.

Question 5

f,(x) gradient 2.5, f,(x) gradient —2
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Question 6

5x+2y =9

2y =9-5x

-5 9

y=—X+—

2 2

Gradient of perpendicular line m = %

y=mx+c withm= % passing through (15, -1).

2
~1==(@15)+c

5( )
-1=6+cC

2
LYy=—X-7

y 5
Question 7
a X=-7, Xx=2.25 x=2.5
b x=-525 x=-15 x=7
c Xx=3
d No real solutions.
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Question 8

a y =5x Statements A, C
7
b y =— Statements B, D
X
2
c y =— Statements B, D
X
X
d y= 3 Statements A, C
e y=2x+1 Statement A
f Statements A, C
g Statements B, D
h Statement B
Question 9
a 2x-7)(x+9)=0
2x-7=0 or x+9=0
2x =17
X = 31 or Xx=-9
2
b X*—8x+12=0
(x-6)(x-2)=0
Xx-6=0 or x-2=0
X=6 or X=2
c 5x°+2x-3=0

5x-3)(x+1) =0
5x-3=0 or x+1=0
5x=3 Xx=-1

X =

ollw
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(x+1D)(Bx—-4)(x-7)=0
X+11=0 or 5x-4=0 or x-7=0
x=-11 5x=4 x=7
=2
5
(x—3)(x* +4x-5)=0
(x=3)(x+5)(x-1) =0
Xx-3=0 or x+5=0 or x-1=0
X=3 X=-5 x=1

(Xx+5)(2x* +x—-6)=0
(x+5)(2x-3)(x+2)=0
X+5=0 or 2x-3=0 or x+2=0

Question 10

x=15
Cubic
Quadratic

None of the listed types
Cubic
Reciprocal

Linear
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Question 11

x* —8x% +19x—12 = (x = 3)(x* +bx +c)

a (-3)(+c)=-12
sc=4
b (x=3)(x* +bx +4)
=x*+bx* +4x-3x* -36x-12
bx* —3x* =8x*
b-3=-8
b=-5
c (x—3)(x* =5x +4)
=(x-3)(x—4)(x-1)
Question 12
a m= 10 —>mx =10
X
If x is doubled, m is halved to maintain balance.
b m and x are in inverse proportion.
If x is increased by a factor of k, m is decreased by a factor of k.
C c=20, x= 1
2
d {x:xeR, x=0}
{y:yeR, y=0}
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Question 13

In AADB, #DAB =49°, AB =60, AD =54
DB? = AB® + AD? — 2AB.AD cos 49°

=60% +54° — 2«60 x 54 x c0s 49°
DB =47.6 mm

In AABC, ZBAC =32° AB =60, AC =83
BC? = AB? + AC*—2AB.AC c0s32°
=607 +83% —2x60x83xc0532°
BC =452 mm

In AADC, ZDAC =17°,AD =54, AC =83
DC? = AD? + AC?-2AD.AC c0s17°
=54? +832 — 2x54x83xC0517°
DC =35.1mm

Perimeter of ADBC
=35.1+45.2+47.6

=128 mm
2 2 2
cos /BDC — 47.6°+35.1°-45.2
2x47.6x35.1
/BDC =64.2°

Area = %x47.6x35.1x3in 64.2°

=752 mm?
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